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Welcome to a first set of notes for my 2008 TASI lectures on Kuitiag topic of ‘tools
and technicalities’ (original title). Technically, LHC péics is really all about perturbative
QCD, no matter if you are looking at signals or at backgrountéen we try to look for
interesting signatures at the LHC we instantly get killed@$D. Therefore, | will mostly
discuss QCD issues which arise for example in Higgs seamhegotics searches at the
LHC, and how we can tackle them with modern approaches ansl tiocthe last part | will
discuss phenomenological questions which arise at the lidCare not really problems
in theoretical physics. Those involve missing energy issae well as details on how to
simulate LHC events.
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I. LHC PHENOMENOLOGY

When we think about signal or background processes at the thid@irst quantity we compute

is the total number of events we would expect at the LHC in amgivme interval. This number

of events is the product of the hadroni@( proton—proton) LHC luminosity measured in inverse
femtobarns and the total production cross section measufechtobarns. A typical year of LHC
running could deliver around 10 inverse femtobarns per yedne first few years and three to
ten times that later. People who build the actual collidendbuse these kinds of units, but for
phenomenologists they work better than something invglgeconds and square meters, because
what we typically need is a few interesting events corredpanto a few femtobarns of data. So
here are a few key numbers:

Nevents = 0ot - £ L=10---300fb™" oy, =1---10*fb for typical signals (1)

Just in case my colleagues have not told you about it: theranar kinds of processes at the LHC.
The first involves all particles which we know and love, like-efashioned electrons or slightly
more moderri/ andZ bosons or most recently top quarks. These processes weckttmunds
and find annoying. They are described by QCD, which means @GReitheory of the evil. Top
guarks have an interesting history, because when | was agpadtudent they still belonged to the
second class of processes, the signalese typically involve particles we have not seen before.
Such states are unfortunately mostly produced in QCD psaseas well, so QCD is not entirely
evil. If we see such signals, someone gets a call from Stdokhshakes hands with the king of
Sweden, and the corresponding processes instantly turivaakgrounds.

The main problem at any collider is that signals are much memethat background, so we have
to dig our signal events out of a much larger number of baakgucevents. This is what most
of this lecture will be about. Just to give you a rough ideajeha look at Fig. 1. at the LHC
the production cross section for two bottom quarks at the lisiarger thanl0® nb or 10! fb
and the typical production cross section ot or Z boson ranges around 200 nb2x 108 fb.
Looking at signals, the production cross sections for agfd&df00 GeV gluinos ig x 10* fb and the
Higgs production cross section can be as big as10° fb. When we want to extract such signals
out of comparably huge backgrounds we need to describe Hassgrounds with an incredible
precision. Strictly speaking, this holds at least for thbaekground events which populate the
signal region in phase space. Such background event witlyswxist, so any LHC measurement
will always be a statistics exercise. The high—energy comityinas therefore agreed that we call
a five—sigma excess over the known backgrounds a signal:

S
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Do not trust anybody who wants to sell you a three—sigma egel@s a discovery, even | have
seen a great number of those go away. People often have gosmhpkreasons to advertize such
effects, but all they are really saying is that their erroosndt allow them to make a conclusive
statement. This brings us to a well-kept secret in the phemohogy community, and that is the
important impact of error bars when we search for exciting paysics. Since for theorists un-

derstanding LHC events and in particular background evaetsns QCD, we need to understand
where our predictions come from and what they assume, soNeege...

=N, >5 (Gaussianlimit) Py, < 5.8 x 107° (fluctuation probability)  (2)



proton - (anti)proton cross sections
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FIG. 1. Production rates for different signal and backgbprocesses at hadron colliders. Neglecting the
fact that the Tevatron is a proton—antiproton collider whhe LHC is a proton—proton collider, the two
colliders correspond to the-axis values of 2 TeV and 14 TeV. Figure borrowed from CMS

II. QCD AND SCALES

Not all processes which involve QCD have to look incredibdynplicated — let us start with a
simple question: we know how to compute the production raté distributions forZ produc-
tion for example at LER"¢~ — Z. To make all phase—scale integrals simple, we assume that
the Z boson is on-shell, so we can simply add a decay matrix elearahia decay phase-space
integration for for example compute the process™ — Z — u*pu~.

So here is the question: how do we compute the productiorZdb@son at the LHC? This process
is usually referred to as Drell-Yan productja@ven though we will most likely produce neither
Drell nor Yan at the LHC. In our first attempts we explicitly dot care about additional jets, so if
we assume the proton consists of quarks and gluons we siroplgute the procesg — Z under
the assumption that the quarks are partons inside protoosluld theSU (2) andU (1) charges
which describe the f f coupling

e

—iy" ((Pp, + rPg) (= (T3 — Qsi}) r==~ (3)

wCuw T3=0

the matrix element and the squared matrix element for thpiarprocesgg — ~Z will be the
same as the corresponding matrix element squared for — 7, with an additional color factor.



This color factor counts the number 8t/ (3) states which can be combined to form a color singlet
like the Z. This additional factor should come out of the color tracechls part of the Feynman
rules, and it isNV,.. On the other hand, we do not observe color in the initiakstahd the color
structure of the incomingg pair has no impact on thé—production matrix element, so we average
over the color. This gives us another factgiV? in the averaged matrix element (modulo factors
two)

IMP2(qq — Z) ~ ——m% (> +17) . (4)

1
4N,
Notice that matrix elements we compute from our Feynmarsrate not automatically numbers
without a mass unit. Next, we add the phase space for a ortelpéinal state. In four space—time
dimensions (this will become important later) we can corafautotal cross section out of a matrix
element squared as

do T
> _ 2
5 TRRCTE (1—7) |M|

(5)

The mass of the final state appears as m? /s and can of course bey, or the Higgs mass or the
mass of a KK graviton (I know you smart-asses in the back rolf\ve defines as the partonic
invariant mass of the two quarks using the Mandelstam vigriab= (ky + k2)?> = 2(kiks),
momentum conservation just means- m?%. This simple one—particle phase space has only one
free parameter, the reduced polar angle- (1 + cos#)/2 = 0---1. The azimuthal angle
plays no role at colliders, unless you want to compute gational effects on Higgs production at
Atlas and CMS. Any LHC Monte Carlo will either random—gertera reference angle for the
partonic process or pick one and keep it fixed. Note that tberskoption has lead to considerable
confusion and later amusement at the Tevatron, so this iasitivial a statement as you might
think. At this point | remember that every teacher at evemsier schools always feels the need
to define their field of phenomenology — phenomenologistsitagerists who do useful things
and know funny stories about experiment(alist)s.

Until now we have computed the same thingZagroduction at LEP, leaving open the question
how to describe quarks inside the proton. For a proper disaas$refer to any good QCD textbook
and in particular the chapter on deep—inelastic scatteringtead, | will follow a pedagogical
approach which will as fast as possible take us to the questi@ really want to discuss.

If for now we are happy assuming that quarks move collinedin Wie surrounding proton,e.
that at the LHC incoming partons have zerg, we can simply write a probability distribution
for finding a parton with a certain fraction of the proton’smmentum. For a momentum fraction
x = 0---1 this parton density functiofpdf) is denoted ag;(z), where: describes the different
partons in the proton, for our purposes/, c, s, g. All of these partons we assume to be massless.
We can talk about heavy bottoms in the proton if you ask me taibtater. Note that in contrast
to structure functions a pdf is not an observable, it is syngdistribution in the mathematical
sense, which means it has to produce reasonably results wiegmated over as an integration
kernel. These parton densities have very different belnavidor the valence quarks.{.d) they
peak somewhere around= 1/3, while the gluon pdf is small at ~ 1 and grows very rapidly
towards smallz. For some typical part of the relevant parameter space (102 ---107!) you
can roughly think of it ag/,(z) oc 2. This means that for small enoughLHC processes will
dominantly be gluon—fusion processes.




Given the correct definition and normalization of the pdf weanccompute the
hadronic cross sectidnom its partonic counterpart as

1 1
Otot, :/0 diﬁ/o dzxy fi(xl) fj(@) &ij(-rleS) (6)

wherei, j are the incoming partons with the momentum factions The partonic energy of the
scattering process is = x1x,S with the LHC proton energy/S = 14 TeV. Note thats corre-
sponds to the partonic cross sectioabove. It has to include all the necess@randd functions

for energy—momentum conservation. When we express a dengparticle cross sectiof in-
cluding the phase—space integration, thentegrations and the phase—space integrations can of
course be swapped, but Jacobians will make your life hellngai attempt to get them right.
Luckily, there are very efficient numerical phase—spacegsors on the market which transform

a hadronich—particle phase—space integration into a unit hypercubejesdo not have to worry

in our every—day life.

A. UV divergences and therenormalization scale

Renormalizationj.e. the proper treatment of ultraviolet divergences, is onéefmost important
aspects of field theories; if you are not comfortable withatiynight want to attend a lecture on
field theory. The one aspect of renormalization | would ligedtscuss is the appearance of the
renormalization scale. In perturbation theory, scaleseaiiom the regularization of infrared or
ultraviolet divergences, as we can see writing down a sirlgap integral corresponding to two
virtual massive scalars with a momentgrflowing through the diagram:

dq 1 1

7
1672 ¢ —m? (¢ + p)* — m? @

B(p*; m, m) E/

Such diagrams appear for example in the gluon self enerdly,massless scalars for ghosts, with
some Dirac trace in the numerator for quarks, and with massialars for supersymmetric scalar
quarks. This integral is UV divergent, so we have to regaéait, express the divergence in some
well-defined manner, and get rid of it by renormalization.e@ay is to introduce a cutoff into
the momentum integral, for example through the so-called Pauli-Villars regation. Because
the UV behavior of the integrand cannot depend on IR-releparameters, the UV divergence
cannot involve the mass or the external momentup?. This means that its divergence has to
be proportional tdog A /u? with some scalg? which is an artifact of the regularization of such a
Feynman diagram.

This question is easier to answer in the more modern dimeakiegularization There, we shift
the power of the momentum integration and use analytic osoation in the number of space—time
dimensions to renormalize the theory

d4q ) d472eq ) i 0_1 ;
ey g2 26 it} 8
/ 1672 a / 1672 a (4m)2 | € T Co+Cret O(€) ®)

The constant€’; depend on the loop integral we are considering. The gcale have to introduce
to ensure the matrix element and the observables, like sext®ns, have the usual mass dimen-
sions. To regularize the UV divergence we pickean 0, giving us mathematically well-defined
polesl/e. The loop integral with the measuté(i7?) will be of the orderO(1), in case you ever
wondered about factoiy (47)? which usually come with loop integrals.



The poles ine will cancel with the counter termg,e. we renormalize the theory. Counter
terms we include by shifting the renormalized parameteha leading—order matrix element,
e.g. IM2(g) — |M|?(g + dg) with a couplingdg o< 1/¢, when computing Mg, + M. |*

If we use a physical renormalization condition there wilt be any free scalg in the definition
of 4g. As an example for a physical reference we can think of thetelmagnetic coupling or
chargee, which is usually defined in the Thomson limit of vanishingmrentum flow through the
diagram,i.e. p> — 0. What is important about these counter terms is that theyotlgame with

a factory® in front.

So while after renormalization the polége cancel just fine, the scale factpfc will not be
matched between the UV divergence and the counter term. Wéesp track of it by writing
a Taylor series i for the prefactor of the regularized but not yet renormalirgegral:

p Coy Co + (9(6)] = ek [E +Co+ 0(6)]
B €
2 ¢
= [1+ 2¢elog pn + O(€%)] — + Co + O(e)
Cy
:?—i—Co—i—Zlog,uC,leO(e) 9)

We see that the pole€’_; gives a finite contribution to the cross section, involvirge t
renormalization scalgr = .

Just a side remark for completeness: from eq.(9) we see thathauld not have just pulled out
(%€ out of the integral, because it leads to a logarithm of a numlith a mass unit. On the other
hand, from the way we split the original integral we know ttegt remaining4 — 2¢)-dimensional
integral has to includes logarithms of the kilg m? or log p? which re-combine with théog 1.2
for example to a properly definddg 1./m. The only loop integral which has no intrinsic mass
scale is the two—point function with zero mass in the loop a&@ momentum flowing through
the integral:B(p* = 0;0,0). It appears for example as a self-energy correction of eateuarks
and gluons. Based on these dimensional arguments thigahtegs to be zero, but with a subtle
cancellation of the UV and the IR divergences which we caesttically write ad /e;gr — 1 /epy.
Actually, 1 am thinking right now if this integral has to berpeor if it can be a number, like
2376123/67523, but it definitely has to be finite...

Instead of discussing different renormalization schemed their scale dependences, let
us instead compute a simple renormalization—scale depengarameter, namely the
running strong couplingy,(1.z). It does not appear in our Drell-Yan process at leading order
but it does not hurt to know how it appears in QCD calculatiofBe simplest process we can
look at is two—jet production at the LHC, where we remembat th some energy range we will
be gluon dominatedjg — ¢* — ¢q¢. The only Feynman diagram includes archannel off-shell
gluon with a momentum flow? = s. At next-to—leading order, this gluon propagator will be
corrected by self—energy loops, where the gluon splitstimtoquarks or gluons and re-combines
before it produces the two final-state partons.

The gluon self energy correction (or vacuum polarization peopagator corrections to gauge
bosons are often labelled) will be a scalee, fermion loops will be closed and the Dirac trace
is closed inside the loop. In color space the self energy(Wwdpefully) be diagonal, just like the
gluon propagator itself, so we can ignore the color indicesidbw. In Minkowski space the gluon




propagator in unitary gauge is proportional to the transveéensofl’* = ¢g* — p“p*/p?. The
same is true for the gluon self energy, which we writd148 = I17*. The one useful thing to
remember is the simple relatidit*7? = T+ andT* g = T*?. Including the gluon, quark, and
ghost loops the regularized gluon self energy with a monmaritow p? reads

1 e o 1 s 13 2 9
11 2

1 Z -
— — <—— — log /;R) By + O(logmt) with By= ch - gnf' (10)

In the second step we have sneaked in additional contrifmitathe renormalization of the strong
coupling from the other one—loop diagrams in the proces® nidmber of fermions coupling to
the gluons is:;. We neglect the additional ternisg(47) andlog v which come with the poles
in dimensional regularization. From the comments on thetfon B(p?*; 0,0) before we could
have guessed that the loop integrals will only give a lobatitog p? which then combines with
the scale logarithniog 1%. The finite top mass actually leads to an additional logarithwhich
we omit for now — this zero—mass limit of our field theory iswdty special and referred to as
its conformal limit.

Lacking a well-enough motivated reference point (in therikon limit the strong coupling is
divergent, which means QCD is confined towards large distaaod asymptotically free at small
distances) we are tempted to renormalizeby also absorbing the scale into the counter term,
which is called théVIS scheme. It gives us a running coupliagp). In other words, for a given
momentum transfer* we cancel the UV pole and at the same time shift the stronglicay@fter
including all relative ¢) signs, by

2 2
oy — (i) (1 B (%)) = a,(u3) (1 -5 8, log fj—) . (11)

p R

We can do even better: the problem with the correction as that while it is perturbatively
suppressed by the usual factey/(4) it includes a logarithm which does not need to be small.
Instead of simply including these gluon self-energy cdroas at a given order in perturbation
theory we can instead include all chains wlthappearing many times in the off—-shell gluon
propagator. Such a series means we replace the off-shelh gitopagator by (schematically
written)

THY TH T T\" T T T\"
” Hpﬁ(ﬁ”ﬁ) +(F'TH?'TH'P) o

T“V ZH]— wy 1

= 12
p2 1+ H/p (12)
To avoid indices we abbreviate**T? = T - T which can be simplified usingl" - 7" - T')* =
THTITY = TH. This re-summation of the logarithm which occurs in the pexteading order
corrections tax, moves the finite shift irv, shown in eq.(11) into the denominator:

Q p? -
g — (%) (1 + ﬁ B, log M_Q) (13)
R



If we interpret the renormalization scalg; as one reference poipt andp as another, we can
relate the values af, between two reference points as

-1
0s(7?) = au(p?) (1 L) g, p—)

47 D
1 s (p2) p2) 1 1 p?
_ 1+ 3 log ) = +— 8, log & 14
as(p?) as(p%)( . R ) T ) R (14)

The factora, inside the parentheses can be evaluated at any of the twesstiaé difference is
going to be a higher—order effect. The interpretatiompis now obvious: when we differentiate
the shiftedn, (p?) with respect to the momentum—transférscale we find:

1 dag Qg L dgs  a

— == or
a, dlogp? 47rﬂg

s, a9

This is the famous running of the strong coupling constant!

Before we move on, let us collect the logic of the argumenémgin this section: when we reg-
ularize an UV divergence we automatically introduce a exiee scale. Naively, this could be a
UV cutoff scale, but even the seemingly scale-invariantegigional regularization cannot avoid
the introduction of a scale, even in the conformal limit of theory. There are several ways of
dealing with such a scale: first, we can renormalize our patanat a reference point. Secondly,
we can define a running parametég. absorb the scale logarithm into tAéS counter term.
This way, at each order in perturbation theory we can trémsialues for example of the strong
coupling from one momentum scale to another momentum skfale are lucky, we can re-sum
these logarithms to all orders in perturbation theory, Wigives us more precise perturbative pre-
dictions even in the presence of large logarithies,large scale differences for our renormalized
parameters. Such a (re—) summation is linked with the defmdf scale—dependent parameters.

B. IR divergencesand thefactorization scale

After this brief excursion into renormalization and UV digences we can return to the original
example, the Drell-Yan process at the LHC. In our last attemgpnrote down the hadronic cross
sections in terms of parton distributions at leading ordenese pdfs are only functions of the
(collinear) momentum fraction of the partons in the proton.

The perturbative question we need to ask for this procesghat happens if we radiate additional
jets which for one reason or another we do not observe in tteztbe. Note that throughout this
writeup | will use the terms jets and final—state parteyisonymously, which is not really correct
once we include jet algorithms and hadronization. On therdtand, in most cases a jet algorithms
is designed to take us from some kind of energy depositidmdrcalorimeter to the parton radiated
in the hard process. This is particularly true for modernetigyments like the so-called matrix
element method to measure the top mass. Recently, peo@éduked into the question what kind
of jets come from very fast collimatdd’ or top decays and how such fat jets could be identified
looking into the details of the jet algorithm. But let’s faiteyou can try to do such analyses after
you really understand the QCD of hard processes, and youdshoutrust such analyses unless
they come from groups which know a whole lot of QCD and prdfkranvolve experimentalists
who know their calorimeters very well.




So let us get back to the radiation of additional partons & Blmell-Yan process. These can
for example be gluons radiated from the incoming quarkss Tieans we can start by compute
the cross section for the partonic procegs— Zg. However, this partonic process involves
renormalization as well as an avalanche of loop diagramsiwhave to be included before we
can say anything reasonabig. UV and IR finite. Instead, we can look at the crossed process
qg9 — Zq, which should behave similarly as2a — 2 process, except that it has a different
incoming state than the leading—order Drell-Yan procesishemce no virtual corrections. This
means we do not have to deal with renormalization and UV dameces and can concentrate on
parton or jet radiation from the initial state.

The amplitude for thi2 — 2 process is— modulo the charges and averaging factors, duting
all Mandelstam variables

s 2m2Z(s—|—t—mQZ)] (16)

—_ t

MP2x8|—2—Z

M o { st - st
The new Mandelstam variables can be expressed in terms oéskaled gluon—emission angle
y = (14cosf)/2ast = —s(1—71)y andu = —s(1 —7)(1 —y). As a sanity check we can confirm

thatt + u = —s + m%. The collinear limit when the gluon is radiated in the beamection is
given byy — 0, which corresponds to — 0 with finite v = —s + m?%. In that case the matrix
element becomes ) ) A )
— -2 +2 1 2
M ~ 8 {S oy 2 My - T +O(y)} (17)
s(s —m3z) Yy s

This expression is divergent for collinear gluon radiatios for small angleg. We can translate
this 1/y divergence for example into the transverse momentum ofltiengr Z according to

spp = tu=s*(1 = 1) y(1 —y) = (s — m3)*y + O(y”) (18)
In the collinear limit our matrix element squared then beesm

s* —2sm% + 2m}, (s —m%)

2 2
S Pr

[MJ2 ~8 +0(})| - (19)

The matrix element for the tree—level procegs— Zq diverges likel /p2. To compute the total
cross section for this process we need to integrate it ovetvio-particle phase space. With-
out deriving this result we quote that this integration cannritten in the transverse momentum
of the outgoing particles, in which case the Jacobian fa itfiiegration introduces a factpy-.
Approximating the matrix element &%/p%, we have to integrate

max max max max

y o pin C P C PR 1 max
Y y P P pT p¥in

min $in pT $in Pr p%un

The formC'/p for the matrix element is of course only valid in the colliniit; in the remaining
phase spac€' is not a constant. However, this formula describes well tgiknear IR divergence
arising from gluon radiation at the LHC (or photon radiatain*e~ colliders, for that matter).

We can follow the same strategy as for the UV divergence.t,Ris regularize the divergence
using dimensional regularization, and then we find a weliilhéel way to get rid of it. Dimensional



regularization now means we have to write the two-partiblege space in = 4 — 2e dimensions.
Just for the fun, here is the complete formula in termg:of

dO’ 7T(47T)_2+E < MQ )6 7_6(1 _ 7_)1—26 ( ,U2 )e 1
S V0 = =7 5 _— M 2 o - M 2 21

Z
In the second step we only keep the factors we are interestethie additional factoy—° reg-
ularizes the integral a§ — 0, as long as < 0, which just slightly increases the suppression
of the integrand in the IR regime. After integrating the lieadterm1/y'* we a polel/(—e).
Obviously, this regularization procedure is symmetrig in> (1 — y). What is important to notice
is again the appearance of a scafewith the n-dimensional integral. This scale arises from the
IR regularization of the phase—space integral and is ede as factorization scale-.

From our argument we can safely guess that the same divergemch we encounter for the
processyg — Zq will also appear in the crossed procegs— Zg, after cancelling additional
soft IR divergences between virtual and real gluon—emisdiagrams. We can write all these
collinear divergences in a universal form, which is indegent of the hard process (like Drell-Yan
production). In the collinear limit, the probabilities @fdiating additional partons or splitting into
additional partons is given by universal splitting funasowhich govern the collinear behavior of
the parton—radiation cross section:

1 as dy as dp>
do~ 22 Y g Py = 22 21 g p, 22
Lo~ 22 s by = 22 B by 22

The momentum fraction which the incoming parton transferthé parton entering the hard pro-
cess is given by. The rescaled anglgis one way to integrate over the transverse—momentum
space. The splitting kernels are different for differenttipas involved:

Pal) = Cr " Ppeyla) =T (a2 + (1= 2))
P o e (P e -0) @

The underlying QCD vertices in these four collinear spigs are theiqg andggg vertices. This
means that a gluon can split independently into a pair oflquand a pair of gluons. A quark
can only radiate a gluon, which implié§._,(1 — z) = P,_,(z), depending on which of the two
final state partons we are interested in. For these formutdsave sneaked in the Casimir factors
of SU(N), which allow us to generalize our approach beyond QCD. Factpral purposes we
can insert the SU(3) valuesy = (N? — 1)/(2N,.) = 4/3,C4 = N. = 3andTy = 1/2. Once
more looking at the different splitting kernels we see timathie soft-radiation limit: — 1 the
non-diagonal’,. , and P,._, are well defined, while the diagonal splittings._, and P,._, are
infrared divergent.

What we need for our partonic subprocegs— Zq is the splitting of a gluon into two quarks, one
of which then enters the hard Drell-Yan process. In therogdir limitthis splitting is described by
P, 4. We explicitly see that there is not additional soft singityefor vanishing quark energy, only
the collinear singularity iy or pr. This s good news, since in the absence of virtual corregtion

we would have no idea how to get rid of or cancel this soft djeece.



FIG. 2: Feynman diagrams for the repeated emission of a diwn the incoming leg of a Drell-Yan
process. The labels indicate the appearance ads well as the leading divergence of the phase space
integration.

If we for example consider repeated collinear gluon emissii an incoming quark leg, we
naively get a correction suppressed by powera pbecause of the strong coupling of the gluon.
Such a chain of gluon emissions is illustrated in Fig. 2. Oa ather hand, the integration
over each new final-state gluon combined with tlig or 1/p; divergence in the matrix element
squared leads to a possibly large logarithm which can begasritten in terms of the upper and
lower boundary of the integration. This means, at higher orders we expect coorecof the

form
max J
ot ~ Zc (045 log mm) (24)
T

with some factorg’;. Because the spllttlng probability is universal, thesedbarder corrections
can be re-summed to all orders, just like the gluon self gneyYgu notice how successful per-
turbation theory becomes every time we encounter a gearsgries? And again, in complete
analogy with the gluon self energy, this universal factan be absorbed into another quantity,
which are the parton densities.

However, there are three important differences to the ngooupling, though:

First, we are now absorbing IR divergences into runninggmadensities. We are not renormal-
izing them, because renormalization is a well-defined proeeto absorb UV divergences into a
redefined Lagrangian.

Secondly, the quarks and gluons split into each other, wimelns that the parton densities will
form a set of coupled differential equations which desctit®r running instead of a simple dif-
ferential equation with a beta function.

And third, the splitting kernels are not just functions toltiply the parton densities, but they
are integration kernels, so we end up with a coupled set efgot-differential equations which
describe the parton densities as a function of the factiwizacale. These equation are called the
Dokshitzer—Gribov-Lipatov—-Altarelli—Parisi or DGLAP egtions

dfi(x, pr) dx ,
W Z / Piej —) fi@' pr) . (25)

We can discuss this formula briefly: to compute the scale mi#grece of a parton densify we
have to consider all partorisvhich can splitinta. For each splitting process, we have to integrate



over all momentum fractions’ which can lead to a momentum fractierafter splitting, which
means we have to integratdrom x to 1. The relative momentum fraction in the splitting is then
x/z < 1.

Note that the DGLAP equation by construction resums cdlimegarithms. There is another class
of logarithms which can potentially become large, namefylsgarithmslog x, corresponding to
the soft divergence of the diagonal splitting kernels. Trefects the fact that if you have for
example a charged particle propagating there are two wayediate photons without any cost
in probability, either collinear photons or soft photonse Whow from QED that both of these
effects lead to finite survival probabilities once we sum lugse collinear and soft logarithms.
Unfortunately, or fortunately, we have not seen any expenita evidence of these soft logarithms
dominating the parton densities yet, so we can for now stddGLAP.

Going back to our original problem, we can now write the hadra@ross section production for
Drell-Yan production or other LHC processes as:

1 1
Otot (s UR) = / dr / dxy fi(x1, pur) fij(xe, ) 6i(x122S, fiR) (26)
0 0

Since our particular Drell-Yan process at leading ordey anlolves weak couplings, it does not
includea, at leading order. We will only see, and with it a renormalization scaje; appear at
next-to-leading order, when we include an additional figedte parton.

After this derivation, we can attempt a physical interpiietaof the factorization scale. The
collinear divergence we encounter for example inglne~ Zg process is absorbed into the parton
densities using the universal collinear splitting kernétsother words, as long as tipe distribu-
tion of the matrix element follows eq.(20), the radiatioraoly number of additional partons from
the incoming partons is now included. These additionalguesor jets we obviously cannot veto
without getting into perturbative hell with QCD. This is wime should really writeop — 7 + X
when talking about factorization—scale dependent parémsities as defined in eq.(26).

If we look at thedo /dpr distribution of additional partons we can divide the enfitease space
into two regions. The collinear region is defined by the lagdi/p; behavior. At some point the
pr distribution will then start decreasing faster, for exaenpkcause of phase-space limitations.
The transition scale should roughly be the factorizaticaiescIn the DGLAP evolution we ap-
proximate all parton radiation as being collinear with tlaglton,i.e. move them from the region
pr < pr onto the pointpr = 0. This kind of p; spectrum can be nicely studied using bottom
parton densities. They have the advantage that there ismasic bottom content in the proton.
Instead, all bottoms have to arise from gluon splitting,ahhive can compute using perturbative
QCD. If we actually compute the bottom parton densities,ffo¢orization scale is not an un-
physical free parameter, but it should at least roughly couoteof the calculation of the bottom
parton densities. So we can for example compute the bottaiueed proces® — H including
resummed collinear logarithms using bottom densities owveét from the fixed—order process
gg — bbH. When comparing ther, spectra it turns out that the bottom factorization scale is
indeed proportional to the Higgs mass (or hard scale), lmligng a relative factor of the order
1/4. If we naively useur = my we will create an inconsistency in the definition of the bitto
parton densities which leads to large higher—order camest

Going back to they; spectrum of radiated partons or jets — when the transverseantum of

an additional parton becomes large enough that the ma#irezt does not behave like eq.(20)
anymore, this parton is not well described by the collinestgn densities. We should definitely



chooseur such that this highyr range is not governed by the DGLAP equation. We actually have
to compute the hard and now finite matrix elementspjor— 7 +jets to predict the behavior of
these jets. How to combine collinear jets as they are includeéhe parton densities and hard
partonic jets is what the rest of this lecture will be about.

C. Right or wrong scales

Looking back at the last two sections we introduce the fazation and renormalization scales
completely in parallel. First, computing perturbativeteg-order contributions to scattering am-
plitudes we encounter divergences. Both of them we reg@afor example using dimensional
regularization (note that we had to choaese 4 — 2¢ < 4 for UV andn > 4 for IR divergences).
After absorbing the divergences into a re-definition of tegpective parameters, referred to as
renormalization for example of the strong coupling in theecaf an UV divergence and as mass
factorization absorbing IR divergences into the partotritistions we are left with a scale artifact.
In both cases, this redefinition was not perturbative at fowelér, but involved summing possibly
large logarithms. The evolution of these parameters fromrenormalization/factorization scale
to another is described either by a simple beta functionenctise of renormalization and by the
DGLAP equation in the case of mass factorization. There &sformal difference between these
two otherwise very similar approaches. The fact that we ctunadly absorb UV divergences into
process—independent universal counter terms is calledmelizability and has been proven to all
orders for the kind of gauge theories we are dealing with. Urneersality of IR splitting kernels
has not (yet) in general been proven, but on the other hancaweerirever seen an example where
is failed. Actually, for a while we thought there might be alplem with factorization in super-
symmetric theories using the supersymmetric version ofMBescheme, but this has since been
resolved. A comparison of the two relevant scales for LHCsatg/is shown in Tab. |

The way the factorization and renormalization scales appeaur theory is clearly an artifact of
perturbation theory and the way we have to treat diverger@bservables in nature are obviously
not scale dependent, which means that including higher gyieehorders in perturbation theory
should (and usually does) lead to a flatter scale dependé&fieecan turn this argument around
and estimate the minimum theory er@m a prediction of a cross section to be given by the scale
dependence in an interval around what we would consider sonedle scale. Notice that this
error estimate is not at all conservative; for example tim@m@alization scale dependence of the
Drell-Yan production rate is zero, becauseonly enters are next-to-leading order. At the same
time we know that the next-to-leading order correction ® ¢hoss section at the LHC is of the
order of 30%, which far exceeds the factorization scale dépece.

renormalization scalgr factorization scale:p
source ultraviolet divergence collinear (infrared) divergence
summation resumming self-energy bubblessumming collinear logarithms
appearance running couplingys (1) parton densityf; (z, 1r)
towards high enerd Mypically decrease af it typically increase ofr
theory renormalizability factorization

proven for gauge theories proven for DIS, okay to two loops

TABLE I: Comparison of renormalization and factorizatiacakes appearing in LHC cross sections



Guessing the right scale choice for a process is also hardgxample in leading-order Drell-Yan
production there is only one scabe,7, so any scale logarithm has to ke 1/mz. So if we set

i = mz all scale logarithms will vanish. In reality, any obsenaht the LHC will include several
different scales, which do not allow us to just define just moerect’ scale. On the other hand,
there are definitely completely wrong scale choices. Fomgte, usingl000 x my as a typical
scale in the Drell-Yan process will if nothing else lead tgdothms of the sizé&g 1000 whenever

a scale logarithm appears. These logarithms have to be lEhte all orders in perturbation
theory, introducing large higher-order corrections.

When describing jet radiation, people usually introducase—space dependent renormalization
scale, evaluating(pr ;). This choice gives the best kinematic distributions for #delitional
partons, but to compute a cross section it is the one scaleectuich is forbidden by QCD and
factorization: scales can only depend on exclusive obb&rgsa.e. momenta which are given after
integrating over the phase space. For the Drell-Yan preeedsa scale could be,,, or the mass
of heavy new—physics states in their production procesksei@ise we double—count logarithms
and spoil the collinear resummation. But as long as we arglynoencerned with distributions,
we even use the transverse—momentum scale very successfalsummarize this brief mess:
while there is no such thing as the correct scale choicee ther more or less smart choices, and
there are definitely very wrong choices, which lead to anabistperturbative behavior.

Of course, these sections on divergences and scales camtiod ¢tbpic justice. They fall short
left and right, hardly any of the factors are correct (they ot that important either), and | am
omitting any formal derivation of this resummation techradgfor the parton densities. On the
other hand, we can derive some general message from theaudsgewe compute cross sections
in perturbation theory, the absorption of ubiquitous UV #Rdlivergences automatically lead to
the appearance of scales. These scales are actually usefulde running parameters allow us to
resum logarithms in perturbation theory, or in other woriteraus to compute certain dominant
effects to all orders in perturbation theory, in spite ofyocbmputing the hard processes at a given
loop order. This means that any LHC observable we computedegend on the factorization
and renormalization scales, and we have to learn how torejéteaid of the scale dependence by
having the Germans compute higher and higher loop ordeusgathe Californian/Italian approach
to derive useful scale choices in a relaxed atmosphere, ke mnse of the resummed precision of
our calculation.

1. HARDVSCOLLINEARJETS

Jets are a major problem we are facing at the Tevatron ande&itthe most dangerous problem at
the LHC. Let’s face it, the LHC is not built do study QCD effecto the contrary, if we wanted to
study QCD, the Tevatron with its lower luminosity would be thetter place to do so. Jets at the
LHC by themselves are not interesting, they are a nuisantéay are the most serious threat to
the success of the LHC program.

The main difference between QCD at the Tevatron and QCD dtHi@eis the energy scale of the
jets we encounter. Collinear jets jets with a small transverse momentum, are well descriyed
partons in the collinear approximation and simulated byrtopashower This parton shower is the
attempt to undo the approximatips — 0 we need to make when we absorb collinear radiation
in parton distributions using the DGLAP equation. Strictpeaking, the parton shower can and
should only fill the phase space regipn = 0...ur Which is not covered by explicit additional
parton radiation. Such so-called hard jetgets with a large transverse momentum are described



by hard matrix elements which we can compute using the QCrRan rules. Because of the
logarithmic enhancement we have observed for collineaitiaddl partons, there are much more
collinear and soft jets than hard jets.

The problem at the LHC is the range of ‘soft’ or ‘collinear’dafinard’. As mentioned above, we
can define these terms by the validity of the collinear apjpnakion in eq.(20). The maximum
pr of a collinear jet is the region for which the jet-radiationss section behaves likgp;. We
know that for harder and harder jets we will at some point beztimited by the partonic energy
available at the LHC, which means the distribution of additional jets will start dropping faster
thanl/pr. Atthis point the logarithmic enhancement will cease tegxnd jets will be described
by the regular matrix element squared without any resunanati

Quarks and gluons produced in association with gauge b@gding Tevatron behave like collinear
jets forpr < 20 GeV, because the quarks at the Tevatron are limited in en&igyhe LHC, jets
produced in association with tops behave like collinea jep; ~ 150 GeV, jets produced with
500 GeV gluinos behave like collinear jetsjip scales larger than 300 GeV. This is not good
news, because collinear jets means many jets, and manygelsqe combinatorical backgrounds
or ruin the missing—momentum resolution of the detector.

This means for theorists that at the LHC we have to learn haonddel collinear and hard jets reli-
ably. This is what the remainder of the QCD lectures will bewgbAchieving this understanding

| consider the most important developmentin QCD since tetiavorking on physics. Discussing
the different approaches we will see why such generajets are hard to understand and even
harder to properly simulate.

A. Sudakov factors

Before we discuss any physics it makes sense to introdusethalled Sudakov factors which will
appear in the next sections. This technical term is used by &Merts to ensure that other LHC
physicists fell inferior and do not get on their nerves. Baglly, Sudakov factors are nothing but
simple survival probabilities. Let us start with an eveniahlwe would expect to occyr times,
given its probability and given the number of shots. The pholity of observing itn times is
given by the Poisson distribution

n!
This distribution will develop a mean af which means most of the time we will indeed see about
the expected number of events. For large numbers it will Imeca Gaussian. In the opposite
direction, using this distribution we can compute the pholitst of observing zero events, which
isP(0; p) = e~?. This formula comes in handy when we want to know how likelg ihat we do
not see a parton splitting in a certain energy range.

P

P(n;p) = (27)

According to the last section, the differential probakibtif a parton to split or emit another par-
ton at a scale: and with the daughter’s momentum fractiens given by the splitting kernel
P,_;(x) timesdp?./p%. This energy measure is a little tricky because we compuesitting
kernels in the collinear approximation, g is the most inconvenient observable to use. We can
approximately replace the transverse momentum by theadityu), to get to the standard param-
eterization of parton splitting — | know | am just waving myrtas at this stage, to understand the
more fundamental role of the virtuality we would have to laoto deep inelastic scattering and



factorization. In terms of the virtuality, the splitting ohe parton into two is given by the splitting
kernel integrated over the proper range in the momentunidrac

2 Qmax 2 Tmax

% d% dx P(.CL') P(Qmina Qmax) = ;é_; / diQ dx P([L’)
(28)

The splitting kernel we symbolically write a3(x), avoiding indices and the sum over partons
appearing in the DGLAP equation eq.(25). The boundarjgsandz,,., we can compute for ex-
ample in terms of an over-all minimum valgg and the actual values so we drop them for now.
Strictly speaking, the double integral oveandq? can lead to two overlapping IR divergences or
logarithms, a soft logarithm arising from thantegration (which we will not discuss further) and
the collinear logarithm arising from the virtuality integr This is the logarithm we are interested
in when talking about the parton shower.
In the expression above we compute the probability that topawill split into another parton
while moving from a virtualityQ,,.., down toQ,..;,. This probability is given by QCD, as described
earlier. Using it, we can ask what the probability is that wik mot see a parton splitting from a
parton starting at fixed ... to a variable scal€), which is precisely the Sudakov factor

dP(x) = o 4

min q Zmin

Qmax dq2 Tmax
A(Qa Qmax) - eip(Q7QmaX) = exXp |:__/ 9
Q

2

q Zmin

dx P(x)] ~ ™ 0108” Qmax/Q (29)

The last line omits all kinds of factors, but correctly idéies the logarithms involved, namely
a108™" Quax/ Q-

B. Jet algorithm

Before discussing methods to describe jets at the LHC welghotroduce one way to define
jets in a detector, namely the- jet algorithm Imagine we observe a large number of energy
depositions in the calorimeter (or jets) in the detector. kivew that they come from a smaller
number of partons which originate in the hard QCD processvemdh since have undergone a
sizeable number of splittings. Can we try to reconstrudiooes?

The answer is yes, in the sense that we can combine a largesnafnjets into smaller numbers,
where unfortunately nothing tells us what the final numbejetd should be. This makes sense,
because in QCD we can produce an arbitrary number of hardnhjetdrard matrix element and
another arbitrary number via collinear radiation. The ndifference between a hard jet and a jet
from parton splitting is that the latter will have a partndrigh originated from the same soft or
collinear splitting.

The basic idea of thé, algorithm is to ask if a given jet has a soft or collinear partrior this
we have to define a collinearity measure, which will be somethke the transverse momentum
of one jet with respect to another opg ~ kr ;. If one of the two jets is the beam direction, this
measure simply becomegs; ~ k7;. We define two jets as collinear,yf; < yec.. wherey,, we
have to give to the algorithm. The jet algorithm is simple:

(1) for all final-state jets find minimum™™® = min,; (v;;, vin)

(2a) ify™" = y;; <y, Merge jets andj, go back to (1)



(2b) if y™® = ;5 < yeur FEMOVE jeti, go back to (1)
(2¢) if y™n > g, keep all jets, done

The result of the algorithm will of course depend on the ratsoh y.... Alternatively, we can just
give the algorithm the minimum number of jets and stop th&he only question is what ‘combine
jets’ means in terms of the 4-momentum of the new jet. Thezay, the simplest thing would
be to just combine the momentum vectéys- k; — k;. Note that we can still either combine the
3-momenta and give the new jet a zero invariant mass (whglmass is indeed was one parton) or
we can add the 4-momenta and get a jet mass (which means thego@ from &, for example).
But these are details for most new—physics searches at tGe LH

From the QCD discussion above it is obvious why theoristéepr@k; algorithm over for other
algorithms which define the distance between two jets in @rgeometric manner: a jet algorithm
combines the complicated energy deposition in the hadrcadimrimeter, and we know that the
showering probability or theoretically speaking the cadar splitting probability is best described
in terms of virtuality or transverse momentum. A transvemsementum distance between jets
is from a theory point of view best suited to combine the rigii$ into the original parton from
the hard interaction. Moreover, this- measure is intrinsically infrared—safe, which means the
radiation of an additional soft parton cannot affect thebglostructure of the reconstructed jets.
For other algorithms we have to ensure this property expli@nd you can find examples for this
in QCD lectures by Mike Seymour.

One problem of thé algorithm is that noise and the underlying event can easeesthderstood
geometrically in their detector. Basically, the low—energy jet activity is constall over the
detector, so the easiest thing to do is just subtract it fraohe@vent. How much energy deposit we
have to subtract from a reconstructed jet depends on thalaotr the jet covers in the detector.
Therefore, it is a major step for thig- algorithm that it can indeed compute an IR—save geometric
size of the jet. Even more, if this size is considerably serahan the usual geometric measures,
the k; algorithm should at the end of the day turn out to be best geirdhm at the LHC.

IV. JET MERGING

So how does a traditional Monte—Carlo treat the radiatiojetsf into the final state? It needs to
reverse the summation of collinear jets done by the DGLARagqgn, because jet radiation is not
strictly collinear and does hit the detector. In other wordsomputes probabilities for radiating
collinear jets from other jets and simulates this radiati®acause it was the only thing we knew,
Monte—Carlos used to do this in the collinear approximattdéowever, from the brief introduction
we know that at the LHC we should generally not use the cdlirs@proximation, which is one
of the reason why at the LHC we will use all-new Monte—Carlbso ways how they work we
will discuss here.

Apart from the collinear approximation for jet radiationsacond problem with Monte—Carlo
simulation is that they ‘only do shapes’. In other words, tleemalization of the event sample
will always be perturbatively poorly defined. The simples@a is that collinear jet-radiation
starts from a hard process and its production cross seatidfram then on works with splitting

probabilities, but never touches the total cross sectistaited from.

Historically, people use higher—order cross sections tonatize the total cross section in the
Monte Carlo. This is what we call & factor K = gimproved /gMC — gimproved /51O Note



that higher—order cross sections integrate over unobdexgiditional jets in the final state. So
when we normalize the Monte Carlo we assume that we can fiegjrate over additional jets and
obtaing'™Proved and then just normalize the Monte Carlo which puts back tfegsén the collinear
approximation. Obviously, we should try to do better thaat tAnd there are two ways to improve
this traditional Monte—Carlo approach.

A. MC@NLO method

When we compute the next-to-leading order correction tooascsection, for example to Drell—
Yan production, we consider all contributions of the ordgra,. There are three obvious sets of
Feynman diagrams we have to square and multiply, namely t¢ine &ntributionqg — Z, the
virtual—-gluon exchange for example between the incomiragykg) and the real gluon emission
qq — Zg. Another set of diagrams we should not forget are the crosbadnels;g — Zq
andgg — Zg. Only amplitudes with the same external particles can barggl so we get the
matrix—element—squared contributions

IMp|? x Gr 2Re M Mp x Gras |Mz,? < Gra, |(Mzy? IMzql? o Grag

(30)
Strictly speaking, we should have included the counter semich are a modification ¢f\1 5|2,
shifted by counter terms of the ordef(1/e + C). These counter terms we add to the interference
of Born and virtual—gluon diagrams to remove the UV divergEn Luckily, this is not the part of
the contributions we want to discuss. IR poles can have twces, soft and collinear divergences.
The first kind is cancelled between virtual-gluon exchangekr@al-gluon emission. Again, we
are not really interested in them.
What we are interested in are the collinear divergencesy ahge from virtual—gluon exchange as
well as from gluon emission and from gluon splitting in thessed channels. The collinear limit
is described by the splitting kernels eq.(23), and the deeces are absorbed in the re-definition
of the parton densities (like an IR pseudo—renormalization

To present the idea of MC@NLO Bryan Webber uses a nice toy wddeh | am going to follow

in a shortened version. It describes simplified particleataah off a hard process: the energy of
the system before radiation:is and the energy of the outgoing particle (call it photon orogiu
isz, sox < zy < 1. When we compute next-to-leading order correctitma hard process, the
different contributions (now neglecting crossed chanresis

W1 _ s ol = (7 v)ow B € %

dzlp dzlv 2€ drlr T
The constanB describes the Born process and the assumed factorizing jpollee virtual con-
tribution. The coupling constant, should be extended by factors 2 aidor color factors. We
immediately see that the integral ovem the real-emission rate is logarithmically divergenstju
like for the collinear divergences we now know and love. Fffaotorization (.e. implying uni-

versality of the splitting kernels) we know that in the codlar limit the real-emission part has to
behave like the Born matrix elemeln, ., R(z) = B.

The logarithmic IR divergence we extract in dimensionaltagzation, as we already did for the
virtual corrections. The expectation value of any infrargafe observable over the entire phase



space is then given by
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Dimensional regularization yields this additional factgrc, which is precisely the factor whose
mass unit we cancel introducing the factorization sg¢gfe This renormalization scale factor we
will casually drop in the following.

When we compute a distribution of for example the energy @& ohthe heavy particles in the
process, we can extract a histogram from of the integral@rand obtain a normalized distri-
bution. However, to compute such a histogram we have to noalgrintegrate over:, and the
individual parts of the integrand are not actually intedga@o cure this problem, we can use the
subtraction methodb define integrable functions under thentegral. From the real-emission
contribution we subtract and then add a smartly chosen term:
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Note that in the second integral we use> 0 because the asymptotic behaviorftifc — 0) makes
the numerator vanish and hence regularizes this integthbwi any dimensional regularization
required. The first term precisely cancels the (collinear@rdence from the virtual correction.
We end up with a perfectly finite integral for all three contributions

) — B 0(0)

T

(0) = B O(0) + asV 0(0) + v, /1 gz ) Ol

- /01 dz O(0) KB +a,V - asg) +0(z) o Rf)} (34)

This procedure is one of the standard methods to computetordeading order corrections in-
volving one—loop virtual contributions and the emissiorooé additional parton. This formula is
a little tricky: usually, the Born—type kinematics wouldnee with an explicit factod(x), which

in this special case we can omit because of the integratiandaries. We can re-write the same
formula in terms of a derivative

o _
dO

R(z)

! B
/ dlL’ |:](O)LO <B -+ OZSV — Oésg) + ](O)NLO g (35)
0
The transfer functiord (O) is defined in a way that formally does precisely what we disbkefat
leading order valuate it using the Born kinematics- 0 while allowing for a generat = 0-- -1
for the real-emission kinematics.

Note that in this calculation we have integrated over theephase space of the additional parton.
For a hard additional parton or jet everything looks well wedi and finite. On the other hand,



we cancel an IR divergence in the virtual corrections propoal to a Born—type momentum
configuratiory(z) with another IR divergence which appears after integrasivey small but finite
values ofr — 0. In a histogram in:, where we encounter the real-emission divergence at small
this divergence is cancelled by a negative delta distaoutight atz = 0. Obviously, this will not
give us a well-behaved distribution. What we would rathentws a way to smear out this pole
such that it coincides with the in that range justified c@énapproximation and cancels the real
emission over the entire low+range. At the same time it has to leave the hard emissiont iatet
when integrated give the same result as the next-to-lealagrate. Such a modification will use
the emission probability or Sudakov factors. We can definemaission probability of a particle
with an energy fraction asdP = «;F(z)/zdz. Note that we have avoided the complicated
proper two—dimensional description in favor of this sinmgdieture just in terms of particle energy
fractions.

Let us consider a perfectly fine observable, name the rati@teton spectrum. We know what
this spectrum has to look like for the two kinematic configiaras

do| BE(z) do

do N do R(2)
dzlto ° 2 dz

= oy (36)
NLO z

The first term corresponds to parton—shower radiation fteeBorn diagram (at order,), while
the second term is the real emission defined above. The érdnsictions for this observable are
E(z)

I(z,1) o= O I(z,a:M)’NLO:(S(z—:E)JraS

E(z)

O(zp(z) —2z)  (37)

The second term in the real—-radiation transfer functiogegrfrom a parton shower acting on the
real-emission process. It explicitly requires that enoegérgy has to be available to radiate a
photon with an energy fraction i.e. z,; > z.

These transfer functions we can include in eq.(35), whidobees
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Note that we have neglected the Born—type contributionpgntmnal tod(z) by definition. This
means we should be able to integrate thalistribution to the total cross section,, with a z,;,
cutoff for consistency. However, the distribution we obtad above has an additional term which
spoils this agreement, so we are still missing something.

On the other hand, we also knew we would fall short, because wl described in words about a
subtraction term for finite cancelling the real emission we have not yet included. Tl@ams, first
we have to add a subtraction term to the real emission whiebeta the fixed—order contributions
for smallz values. Because of factorization we know how to write sucakdraction term using
the splitting function, called in this example:

R(x) R R(z) — BE(x)

T T

(39)



To avoid double counting we have to add this parton—show#rad@orn—type contribution, now
in the collinear limit, which leads us to a modified versioreqf(35)
E B 1
do  J,
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(40)
When we again compute thespectrum to ordeti, there will be an additional contribution from
the Born—type kinematics

. /1 dz {Oés BE(2) + B(z) as d(z — 2) BE(x)} +0(a?)

z T
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z z
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which gives us the distribution we expected, without anyldewounting.

In other words, this scheme implemented in the MC@NLO Moradddescribes the hard emis-
sion just like a next-to-leading order calculation, inchglthe next-to-leading order normaliza-
tion. On top of that, it simulates additional collinear pele emissions using the Sudakov factor.
This is precisely what the parton shower does. Most impdstaih avoids double counting be-
tween the first hard emission and the collinear jets, whichmaet describes the entipg- range
of jet emission for the first and hardestdiated jet consistently. Additional jets, which do not
appear in the next-to-leading order calculation are sinagiyed by the parton showee. in the
collinear approximation. What looked to easy in our toy eghanis of course much harder in the
mean QCD reality, but the general idea is the same: to con@ined—order NLO calculation
with a parton shower one can think of the parton shower asilbotion which cancels a properly
defined subtraction term which we can include as part of thleamission contribution.

B. CKKW method

The one weakness of the MC@NLO method is that it only deserivee hard jet properly and
relies on a parton shower and its collinear approximatiairtalate the remaining jets. Following
the general rule that there is no such thing as a free lunchaneimprove on the number of
correctly described jets, which unfortunately will costthis next-to-leading order normalization.

For simplicity, we will limit our discussion to final-statadiation, for example in the inverse
Drell-Yan process™e~ — ¢g. We know already that this final state is likely to evolve intore
than two jets. First, we can radiate a gluon off one of the kjlegs, which gives us ajg final
state, provided ouk, algorithm findsy;; > y.... Additional splitting can also give us any number
of jets, and itis not clear how we can combine these diffecbannels.

Each of these processes can be described either using mlatments or using a parton—shower,
where ‘describe’ means for example compute the relativbariity of different phase—space
configurations. The parton shower will do well for jets whate fairly collineary;; < vini. In
contrast, if for our closest jets we fing; > v, we know that collinear logarithms did not play
a major role, so we can and should use the hard matrix elerftaw.do we combine these two
approaches?



The CKKW scheme tackles this multi—jet problem. It first alfous to combine final states with
a different number of jetsand then ensures that we can add a parton shower withoutoaryed
counting. The only thing | will never understand is that thegyelled the transition scale as ‘ini’.

Using Sudakov factors we can first construct the probadslii generatingn—jet events from

a hard 2—jet production process. Note that these prohbabilihake no assumptions on how we
compute the actual kinematics of the jet radiatioa, if we model collinear jets with a parton
shower or hard jets with a matrix element. This way we wilbag®et a rough idea how Sudakov
factors work in practice. For the two—jet and three—jet fstates, we will see that we only have
to consider the splitting probabilities for the differemtrpns

C s out in
Fq(Qou‘w Qin) = Fm—q(@outa Qin) - 2—F a (Q ) (1Og Q 3)

™ Qout Qout 4
C s out in
Fg(Qou‘w Qin) = Fqu(Qouta Qin) = 2TA a CSQ . ) (logg . - %) (42)

The virtualitiesQi, o, correspond to the incoming (mother) and outgoing (daugptton. Un-
fortunately, this formula is somewhat understandable ftbenargument before and from,.,
but not quite. That has to do with the fact that these spitiare not only collinearly diver-
gent, but also softly divergent, as we can see in the limits 0 andz — 1 in eq.(23). These
divergences we have to subtract first, so the formulas fospiiging probabilities’, ;, look un-
familiar. In addition, we find finite terms arising from nexiHeading logarithms which spoil the
limit Q.. — Qin, Where the probability of no splitting should go to unity. tBa least we can
see the leading (collinear) logarithiog @i,/ Qouw- Given the splitting probabilities we can write
down the_Sudakov factpwhich is the probability of not radiating any hard and a@dlar gluon
between the two virtualities:

Qin
Aq,g(@oum Qin) = exp [_/ dq Fq,g(Qoum Qin) (43)

This integral boundaries afg,., < Qi,. This description we can generalize for all splittings ;
we wrote down before.

First, we can compute the probability that we see exactlygamons which means that none of
the two quarks radiate a resolved gluon between the vitiesd), and(@);, where we assume that
Q1 < @, gives the scale for this resolution. It is simmyq(Ql,Qg)]?, once for each quark, so
that was easy.

Next, what is the probability that the 2—jet final state eeslexactly into a three partdh¥Ve know
that it contains a factof\,(Q),, 2) for one untouched quark. If we label the point of splitting in
the matrix element), for the quark, there has to be a probability for the secondkooeget from
()2 to (), untouched, but we leave this to later. After splitting witlke pprobabilityl",(Q)2, @,), this
quark has to survive t@,, so we have a factak,(Q);, Q,). Let’s call the virtuality of the radiated
gluon after splitting®),, then we find the gluon’s survival probability,(Q, Q,). So what we
have until now is

AQ(Qb Q2) Fq(Q2> Qq) Aq(Qla Qq) Ag(Qla Qg) e (44)

That's all there is, with the exception of the intermediateads. Naively, we would guess its
survival probability betwee®, and(), to beA,(Q,, Q2), but thatis not correct. That would imply



no splittings resolved ap,, but what we really mean is no splitting resolved latef@at< @,.
Instead, we compute the probability of no splitting betwégnand @, from A,(Q1, Q2) under

the additional condition that splittings fro@, down to(); are now allowed. If no splitting occurs
between); and@), this simply gives us\, (@1, Q)2) for the Sudakov factor betweep, and@),.

If one splitting happens aft&p, this is fine, but we need to add this combination to the Sudakov
between)), and@,. Allowing an arbitrary number of possible splittings beemn€), and(); gives

us

Q1
Aq(Q17Q2) = Aq(Q17Q2) €xXp [/ dq Fq(Q: Q1)]

_ Aq(Qla QQ) (45)

Ag(Qr; Qq)

So once again: the probability of nothing happening betwgemand (), we compute from the
probability of nothing happening betweén, and (), times possible splittings betweé&p, and

Q1

Collecting all these factors gives the combined probahiliit we find exactly three partons at a
virtuality ¢,

Q1
1+ [ daTifa. @)+

q

A
Ag(@1, Q2) To(@2, Q) Ag(@1, Qo) 8(Q1, Q) %

= T(Q2.Qq) [Ag(Q1, Q)] Ay(Q1,Qy) (46)

This result is pretty much what we would expected: both geigidk through untouched, just like
in the two—parton case. But in addition we need exactly origtisg producing a gluon, and
this gluon cannot split further. This example illustratesvht is fairly easy to compute these
probabilities using Sudakov factors: adding a gluon cpwess to adding a splitting probability
times the survival probability for this gluon, everythinige magically drops out. At the end, we
only integrate over the splitting poin,.

The first part of the CKKW scheme we illustrate is how to conaldifferentn—parton channels in
one framework. Knowing some of the basics we can write dowrigimplified) CKKW algorithm
for final—state radiation. As a starting point, we compultéealding—order cross sections fofjet
production with a lower cutoff ag;,;. This cutoff ensures that all jets are hard and that.allare
finite. The second indexdescribes different non—interfering parton configuratidike ¢ggg and
qqqq for n = 4. The purpose of the algorithm is to assign a weight (progbmhatrix element
squared,...) to a given phase—space point, statisticelkyng the correct process and combining
them properly.

(1) for each jet final statén, i) compute the relative probabilit§,; = 0,/ > ok ;; select a
final state with this probability’, ;

(2) distribute the jet momenta to match the external pasich the matrix element and compute
[M]?

(3) use thé:r algorithm to compute the virtualitieg; for each splitting in this matrix element



(4) for each internal line going from@, to @, compute the Sudakov factor
A(Q1,Q;)/A(Q1, Qr), where @)y is the final resolution of the evolution. For any
final-state line starting af); apply A(Q:,Q;). All these factors combined give the
combined survival probability described above.

The matrix—element weight times the survival probabilignde used to compute distributions
from weighted events or to decide if to keep or discard an tewdren producing unweighted
events. The line of Sudakov factors ensures that the relataight of the different.—jet rates is
identical to the probabilities we just computed. Their kiregics, however, are hard—jet configu-
ration without any collinear assumption. There is one r@magi subtlety in this procedure which

| am skipping. This is the re-weighting of;, because he hard matrix element will be typically
computed with a fixed had renormalization scale, while thréopeshower only works with a scale
fixed by the virtuality of the respective splitting. But tleoare details, and there will be many
details in which the many implementation of the CKKW schenfied

The second question is what we have to do to match the hardxnedment with the parton

shower at a critical resolution poipt,; = Q3/Q3. From@; to Q, we will use the parton shower,
but above this the matrix elements will be the better detonp For both regimes we already
know how to combine differeni—jet processes.

The question is if this scheme leads to any double countingmRhe discussion above, we
know that Sudakovs which describe the evolution betweelestat use a lower virtuality as the
resolution point are going to be the problem. On the othedhae also know how to describe this
behavior using the additional splitting argument we usedtfe() - - - ), range. It turns out that

we can use the same kind of argument to keep the rangeg,; andy < y;,; Separate, without any
double counting. There is a simple way to check this, nantedyquestion if they,,; dependence

drops out of the final combined probabilities. And the ansfgefinal-state radiation is yes, as
proven in the original paper.

To summarize, we can use the CKKW scheme to combijet events with variable and at the
same time combine matrix—element and parton—shower géistis of the jet kinematics. In other
words, we can for example simulate+ n jets production at the LHC, where all we have to do
is cut off the number of jets at some point where we cannot caenhe matrix element anymore.
This combination will describe all jets correctly over thaiee collinear and hard phase space.
However, each of the merged matrix elements is at leadingrotice emission of real particles is
included, while virtual corrections are not (completelygluded. In other words, in contrast to
MC@NLO this procedure gives us all jet distributions buvksmthe normalization free, just like
an old—fashioned Monte Carlo. The main features and shartgs of the two merging schemes
are summarized in Tab.ll. A careful study of the associdtedtty errors for example for +jets
production and the associated rates and shapes | have ramtrgetacross, but watch out for it.

|IMC@NLO (Herwig) CKKW (Sherpa)
hard jets first jet correct all jets correct
collinear jets| all jets correct, tunegll jets correct, tuned
normalization correct to NLO correct to LO plus real emission
variants Powheg,... MLM-Alpgen, MadEvent,...

TABLE II: Comparison of the MC@NLO and CKKW schemes combgnuollinear and hard jets.



At the very end | should mention two variation of the CKKW apgch: the MLM scheme, im-
plemented in Alpgen, is conceptionally close to CKKW, buavbids the problems with splitting
contributions beyond the leading logarithms, for exampéefinite terms appearing in eq.(42), by
generating the event explicitly and vetoing them aftensarthis means we never actually have to
compute the Sudakov re-weighting factors analytically. Mérging schemes, however, are con-
ceptually similar enough that we should expect them to m@dyre each others’ results, and they
largely do.

As mentioned before — there is no such thing as a free lunchijtas up to the competent user
to pick the scheme which describes their problem best. tetieea well-defined hard scale in the
process, the old—fashioned Monte Carlo with a tuned pattowsr will be fine, and it is by far
the fastest method. Sometimes we are only interested in amkjét, so we can use MC@NLO
and benefit from the correct normalization. And in other sage really need a large number of
jets correctly described, which means CKKW and some ext@aranalization. This decision is
not chemistry, philosophy or sports, it is based on QCD. AdlMHC phenomenologists have to
do is to get it right and know why we got it right.

Before we move on, let me illustrate why in Higgs or exoticarsbes at the LHC we care about
this kind of progress in QCD. One way to look for heavy paesctiecaying into jets, leptons and
missing energy is the variable

Hr = Fr + Z Er;=pr+ me for massless quarks, leptons 47)
j j

which for gluon-induced QCD processes should be as smalbssilde, while the signal’s scale
will be determined by the new particle masses. For the backgt process/ +jets, this distri-
bution as well as the missing energy distribution using CKi&8Wvell as a parton—-shower (both
from Sherpa) are shown in Fig. 3. The two curves beautifiiysthat the naive parton shower is
not a good description of QCD background processes to thauption of heavy particles. Note
that we can probably use a chemistry approach and tune thenpstrower to correctly describe
the data even in this parameter region, but we would mosdlylikelate basic concepts like fac-
torization. How much you care about this violation is up taybecause we know that there is a
steep gradient in theory standards from first—principlewations of hard scattering all the way
to hadronization string models...



pp ->VV+X pp ->VV+X

1000

E T T I T I T I 3 100g T T T T T T T T T 3
g — Sherpa ME+PS E H — Sherpa ME;+PS 1
r — Sherpa ME_ ... +PS| [ ]
100k p 0j1j2i3j i 2ol — Sherpa ME0j1j2j3j+PS
S‘ E E E pT,mlss >20 Gev E
8 r 1 % H Pr jors > 50 GeV 1
) 10; = O 1H E
= E e S g E
9 F R Z [ ]
£ [ ] I'_ i ]
g 1F = T 0.15 E
S g E IS g E
[S) E 3 © n ]
S L ] [ ]
0-1? = 0.0lg
001 | L | | | 0.001 PR T S TR NI T (N I T I
0 50 100 150 200 250 300 0 100 200 300 400 500 600 700 800 900 1000
pT,miss [GeV] HT [GeV]

FIG. 3: Transverse momentum aiiflr distributions forZ+jets production at the LHC. The two curves
correspond to the Sherpa parton shower starting from Dfali-production and the fully merged sample
including up to three hard jets. These distributions desctypical backgrounds for searches for jets plus
missing energy, which could originate in supersymmetrigask] and gluino production. Thank you to
Steffen Schumann for providing these Figures.



